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Abstract 

This paper proves conjectures originating in the physics hterature 
regarding the intersection exponents of Brownian motion in a half- 
plane. For instance, suppose that B and B' are two independent 
planar Brownian motions started from distinct points in a half-plane 
H. Then as i — > oo, 



B[0, t] n B'[0, t]=9 and B[0, t] U B'[0, t] C Ti. 



t 



-5/3+0(1) 



The proofs use ideas and tools developed by the authors in previ- 
ous papers. We prove that one of the stochastic Lowner evolution 
processes (with parameter 6, that we will call SLEq and which has 
been conjectured to correspond to the scaling limit of critical percola- 
tion cluster boundaries) satisfies the "conformal restriction property" . 
We establish a generalization of Cardy's formula (for crossings of a 
rectangle by a percolation cluster) for SLEq, from which the exact 
values of intersection exponents for SLEq follow. Since this process 
satisfies the conformal restriction property, the Brownian intersection 
exponents can be determined from the SLEq intersection exponents. 

Results about intersection exponents in the whole plane will appear 
in subsequent papers. 



*Duke University 

^The Weizmann Institute of Science and Microsoft Research 
•'■Universite Paris-Sud 



1 



1 Introduction 



Theoretical physics predicts that conformal invariance plays a crucial role 
in the macroscopic behavior of a wide class of two-dimensional models in 
statistical physics (see, e.g., P, |^). For instance, by making the assumption 
that critical planar percolation behaves in a conformally invariant way in 
the scaling limit and using ideas involving conformal field theory, Cardy ||^ 
produced an exact formula for the limit, as — > cxd, of the probability that, 
in two-dimensional critical percolation, there exists a cluster crossing the 
rectangle [0, aA^] x [0,6A^]. Also, Duplantier and Saleur |jl3[ predicted the 
"fractal dimension" of the hull of a very large percolation cluster. These are 
just two examples among many such predictions. 

In 1988, Duplantier and Kwon [|I^ suggested that the ideas of conformal 
field theory can also be applied to predict the intersection exponents between 
random walks in 1? (and Brownian motions in M^). They predicted, for 
instance, that if B and B' are independent planar Brownian motions (or 
simple random walks in Z^) started from distinct points in the upper half- 
plane EI = {(x, y) : ?/ > 0} = {2; G C : Im(2;) > 0}, then when n — >• cxd. 



P[5[0,n] n5'[0,n] = 0] 



n 



-C+o(i) 



and 



P [5[0, n\ n 5'[0, n] = and 5[0, n\ U 5'[0, n\ C H] 



n 



-C+o(i) 



:i.2) 



where 



( = 5/8, C = 5/3. 



Very recently, Duplantier [ nj gave another physical derivation of these con- 
jectures based on "quantum gravity" . 

In 1982, Mandelbrot suggested that the Hausdorff dimension of the 
Brownian frontier (i.e., the boundary of a connected component of the com- 
plement of the path) is 4/3, based on simulations and the analogy with the 
conjectured value for the fractal dimension of self-avoiding walks predicted 
by Nienhuis (also 4/3; see, e.g., |]33|1 ). 

To date, none of the physicists' arguments have been made rigorous, and 
it seems very difficult to use their methods to produce proofs. Very recently, 
Kenyon [O, O, Il8l managed to derive the exact values of critical expo- 



nents for "loop-erased random walk" that theoretical physicists had predicted 
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(Majumdar [^], Duplantier |]rD|). Kenyon's methods involve the relation of 
the loop-erased walk to the uniform spanning tree and to domino tilings. 
Kenyon shows that the equations relating probabilities of some domino tiling 
events are discrete analogues of the Cauchy-Riemann equations, and there- 
fore the probabilities can be approximated by analytic functions with pre- 
scribed boundary behavior. These methods do not seem applicable for the 
goals of the present paper. 

For planar Brownian motions, it is easy to show, using subadditivity 
arguments and the scaling property, that there exist positive finite numbers 
C and C such that ( p..l| ) and ( |1.2| ) are true. Up to the present paper, there 
was not even a mathematical heuristic arguing that the values of ( and ( are 
5/8 and 5/3. Burdzy-Lawler |^ (see also ^) showed that the intersection 
exponents were indeed the same for simple random walks as for Brownian 
motions; Lawler |^ proved that the Hausdorff dimension of the set of cut 
points of a Brownian path is 2 — 2^. He also showed (see [0, ^) that 
the Brownian frontier (and more generally the whole multifractal spectrum 
of the Brownian frontier) can be expressed in terms of exponents defined 
analogously to (. As part of that work, he showed that the right hand side 
of ( |1 . 1| ) can be replaced with n~^g{n) where g is bounded away from and 
infinity; we expect that the argument can be adapted to show that the same 
is true for (|1.2D. 

Recently, Lawler and Werner p8|] extended the definition of intersection 
exponents in a natural way to "non-integer packets of Brownian motions" and 
derived certain functional relations between these exponents. These relations 
indicate that Mandelbrot's conjecture that the dimension of the Brownian 
frontier is 4/3 is indeed compatible with the predictions of Duplantier-Kwon. 
It turned out that intersection exponents in the half-plane play an important 
role in understanding exponents in the whole plane. Conformal invariance of 
planar Brownian motion is a crucial tool in the derivation of these relations. 
In particular, there is a measure on Brownian excursions in domains that 
has some strong conformal invariance properties, including a "restriction" 
(or "locality") property. 

In another paper, Lawler and Werner |29| showed that intersection ex- 
ponents associated to any conformally invariant measure on sets with this 
restriction property are very closely related to the Brownian exponents. This 
provides a rigorous justification to the link between the conjectures regard- 
ing intersection exponents for planar Brownian motions and conjectures for 
intersection exponents of critical percolation clusters (see fl^, H, |^), because 
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percolation clusters are conjectured to be conformally invariant in the scaling 
limit — see, e.g., [|19|, 0] — and they should also have a restriction property 
(because of the independence properties of percolation). The question of how 
to compute these exponents remained open. 

Independently, Schramm |^ defined a new class of conformally invari- 
ant stochastic processes indexed by a real parameter k > 0, called SLE^ 
(for stochastic Lowner evolution process with parameter k). The definition 
of these processes is based on Lowner's ordinary differential equation that 
encodes in a conformally invariant way a continuous family of shrinking do- 
mains (see, e.g., |]32|, More precisely, |^ defines a family of conformal 
maps gt from subsets Df of EI onto EI by the equation 



where /3 is a standard Brownian motion on the real line. (Actually, in |^ 
instead of ( |1.3D , the corresponding equation for the inverse maps g^^ is con- 
sidered.) The domain Dt can be defined as the set of zq ^ M such that a 
solution gs{z()) of this equation exists for s G [0,t]. When t increases, the 
set Kt = M. \ Dt increases: Loosely speaking, {Kt,t > 0) can be viewed as a 
growing "hull" that is penetrating the half-plane. By applying a conformal 
homeomorphism / : EI — * D, SLE,^ can similarly be defined in any simply 
connected domain D ^ C. 

In the main focus is on the 2, which is conjectured there to 



correspond to the scaling limit of loop-erased random walks, but the conjec- 
ture that SLEq corresponds to the scaling limit of critical percolation cluster 
boundaries is also mentioned. In particular (see [0), it is possible to com- 
pute explicitly the probability that an SLEq crosses a rectangle of size axb. 
It turns out that this result is exactly Cardy's formula. This gives a math- 
ematical proof for Cardy's formula, assuming the still open conjecture that 
SLEq is indeed the scaling limit of percolation cluster boundaries. 

The main goal of the present paper is to prove some of the conjectured 
values of intersection exponents of Brownian motion in a half plane. 

Theorem 1.1. Let B^, - ■ ■ , denote p independent planar Brownian mo- 
tions (p > 2) started from distinct points in the upper half-plane EI. Then, 
when t oo, 

p[Vi J e {!,■■■ ,p}, B'[0,t] n B^[0,t] = and B'[0,t] C H] = , 
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where 

~ _ p{2p + 1) 

These values have been predicted by Duplantier and Kwon [|1^. In par- 
ticular C = C2 = 5/3. 

We also establish the exact value (and confirm some of the conjectures 
stated in m, ini) of more general intersection exponents between packets of 



Brownian motions in the half-plane; see Theorem ET 



The proof of Theorem uses a combination of ideas from the papers 28, 



However, to make the paper more accessible and self-contained, 
we attempt to review and explain all the necessary background. The reader 
who wishes to see complete proofs for all stated theorems has to be familiar 
with the basics of stochastic calculus and conformal mapping theory, and 
read about the excursion measure and the cascade relations from . 

Although, at present, a proof of the conjecture that SLEq is the scaling 
limit of critical percolation cluster boundaries seems out of reach, this con- 
jecture does lead one to believe that SLEq must satisfy a "locality" property, 
namely, it is not affected by the boundary of a domain when it is in the inte- 
rior. This locality property for SLEq is stated more precisely and proved in 
Section |^. It is worthwhile to note that the locality property does not hold 
for the SLE^ processes when k ^ 6. 

In Section ^ we prove that SLEq satisfies a generalization of Cardy's for- 
mula for percolation crossings probabilities. From this, exponents associated 
with the SLEq process are computed. 

In Section |, universality ideas from ^9] are used to compute the half- 



plane Brownian exponents from the SLEq exponents, which completes the 



proof of Theorem 1.1 



In a final short Section |^, the conjectured relationship between SLEq 
and critical percolation is discussed. It is demonstrated that this conjecture 
implies a formula from the physics literature ||I3| , ^ |^ for the exponents 
corresponding to the event that there are k disjoint percolation crossings of 
a long rectangle. 

In the subsequent papers ||2^, |26|, ^ , we determine the exponents in the 
full plane and the remaining half-plane exponents. In particular, we prove 
that C = 5/8, and also establish Mandelbrot's conjecture that the Hausdorff 
dimension of the frontier of planar Brownian motion is 4/3. 
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It might be worthwhile to explain why the Brownian intersection expo- 
nents are accessible through SLEq, but are difficult to compute directly. In a 
way, the SLEq process is simpler, since Kt continuously grows from its outer 
boundray. This means that when studying its evolution, one can essentially 
forget its interior, and only keep track of the exterior of Kt. By conformal 
invariance, this reduces problems to finitely many dimensions. The situa- 
tion with planar Brownian motion is completely different, since it may enter 
holes it has surrounded and emerge to the exterior someplace else. Many 
computations with SLE^ are readily convertible to PDE problems, and in 
the presence of enough symmetry, some variables can often be eliminated, 
converting the PDE to an ODE. 



2 SLEq and its locality property 

2.1 The definition of chordal SLE^ and some basic prop- 
erties 

Let t > 0) be a standard real- valued Brownian motion starting at [3q = 0, 
let K > 0, and let W^/" = P^t- Consider the ordinary differential equation 

dtgtiz) = (2.1) 
W^t -9t{z) 

with go{z) = z. For every zq & M and every T > 0, either there is a solution 
of ( ^.1| ) for t G [0,T] and for all z in a neighborhood of 2:05 or there is some 
to G (0, T] such that the solution exists for t G [0, to) and lim^ yt^ gt{z) = W^^. 
Let Dt be the (open) set of 2; G EI such that the former is true, and let Kt 
be the set of z G EI such that the latter holds. By considering the inverse 
flow dtGt{z) = 2{W^_^ — Gt{z)) , it is easy to see that gt{Dt) = EI, and that 
gt : Dt ^ M. is conformal. The process gt, t > 0, will be called the chordal 
stochastic Lowner evolution process with parameter k, or just SLE,^] 
|2, J^. In [E], a variation of this process, which we now call radial 



see 



SLE^ was also studied. In the current paper, we will not use radial SLE^^, 
and therefore the word "chordal" will usually be omitted. (However, radial 
SLE^ plays a major role in a subsequent paper p^.) The set Kt = M.\ Dt 
will be called the hull of the SLE. The process will be called the driving 
process of the SLE. 
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It is easy to verify that each of the maps gt satisfies the hydro dynamic 
normalization at infinity: 

\img{z)-z = 0. (2.2) 



Remarks. It will be shown |^ that for all k > the hull Kt of SLE,^ is 
a.s. generated by a path. More precisely, a.s. the map 7(t) := gr^iWJ^) is a 
well defined continuous path in EI and for every t > the domain Dt is the 
unbounded connected component of EI\7([0, t]). There, it will also be shown 
that when k < 4 a.s. Kt is a simple path for all t > 0. This is not the case 



when K > 4 [421. However, these results will not be needed for the current 



paper or for p5|, E6|, E? 



Lowner ||3^ considered the equation 



dtgt{z) = gt{z) 



with gQ{z) = z, where z is in the unit disk, and ({t) is a parameter. He used 
this equation in the study of extremal problems for classes of normalized 
conformal mappings. In Lowner's differential equation, the maps gt satisfies 
gt{0) = 0. The equation (|2.1|) is an analogue of Lowner's equation in the half 
plane, where the boundary point oo is fixed instead of and ({t) is chosen 
to be scaled Brownian motion. 

Marshall and Rohde study conditions on ({t) which imply that Kt is 
a simple path. 

We now note some basic properties of SLE^^. 

Proposition 2.1. (i) [Scaling] SLE,^ is scale-invariant in the following sense. 
Let Kt he the hull of SLE^, and let a > 0. Then the process t ^ oT^I'^K^t 
has the same law as t Kt. 

(a) [Stationarity] Let gt be an SLE^ process in H, driven by Wt , and let 
T be any stopping time. Set gt{z) = gr+t ° Qt^^z + W!^) — W^. Then gt is an 
SLE,^ process in EI starting at 0, which is independent from {gt : t G [0,r]}. 

Proof. 

(i) If Kt is driven by Wt^ then a'^f^K^t is driven by a~^^'^W[^t^ which 
has the same law as Wt- 

(ii) The process gt is driven by Wl^j^^ — W^. □ 
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We now consider the definition of SLE,^ in domains otlier tlian M. 

Let f : D ^ M. he a conformal liomeomorpliism from some simply con- 
nected domain D. Let ft be the solution of ( |2.1| ) with fo{z) = f{z). Then 
{ft, t >0) will be called the SLE,^ in D starting at /. If gt is the solution of 
(|2.1| ) with go{z) = z, then we have ft = gt° f ■ If Kt is the hull associated to 
gt, then the hull associated with ft is just f~^{Kt). 

Suppose that dD is a Jordan curve in C, and let a,b & dD be distinct. 
Then we may find such an / : D — EI with /(a) =0 and f{h) = oo. Let 
kI be the SLE^ hull associated with the SLEf^ process starting at /. If 
/* is another such map f*:D^M with f*{a) = and /*(&) = oo, then 
f*{z) = af{z) for some a > 0. By Proposition |2]^, the corresponding SLE^^ 
hull kI has the same law as a linear time-change of . This makes it 
natural to consider as a process from a to 6 in and to ignore the role 
of /. However, when D is not a Jordan curve, some care may be needed 
since the conformal map / does not necessarily extend continuously to the 
boundary. Partly for that reason, we have chosen to stress the importance 
of the conformal parameterization /. 



2.2 The locality property 

The main result of this section can be loosely described as follows: an SLEq 
process does not feel where the boundary of the domain lies as long as it does 
not hit it. This is consistent with the conjecture that the SLEq process 



is the scaling limit of percolation cluster boundaries, which is explained in 
Section |[ This restriction property can therefore be viewed as additional 
evidence in favor of this conjecture. This feature is special to SLEq; it is not 
shared by SLE^^ when k 7^ 6. 



Such properties were studied in p9| and called "complete conformal in- 



variance" (when combined with a conformal invariance property). As pointed 
out there, all processes with complete conformal invariance have closely re- 
lated intersection exponents. 

Let us first state a general local version of this result. We will say that 
the path 7 is nice if it is a continuous simple path 7 : [0, 1] H, such that 
7(0), 7(1) G ]R\ {0} and 7(0, 1) C H. We then call the connected component 

= iV(7) of EI \ 7[0, 1] such that G ON a nice neighborhood of in 
EI. Note that can be bounded or unbounded, depending on the sign of 
7(0)7(1). When A^ is a nice neighborhood of 0, one can find a conformal 
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homcomorphism 'ip = 'ipf^ from N onto EI such that = 0, ip'{0) = 1 and 
■^~^(oo) is equal to oo if A/" is unbounded and to 7(1) if is bounded. 

Theorem 2.2 (Locality). Let f : D ^M. be a conformal homeomorphism 

from a domain D G C onto H. Suppose that N is a nice neighborhood of 

in H. Define D* = f^^{N) and let /* be the conformal homeomorphism 
i^N o / from D* onto H. Let Kt G D be the hull of SLEq starting at f , and 
let T := sup{t : ^ fl dD* n = 0}. Let K* denote SLEq m D* started at 
f* and let r* := sup{t ■.KfndD*nD^$}. 

Then the law of {Kf, t < t) is that of a time-change of {K^, t < r*). 

Note that in this theorem, we have not made any regularity assumption 
on the boundary of the domain D. 

A consequence of this result is that, modulo time-change, one can de- 
fine the hull of SLEq in a non-simply connected domain with finitely many 
boundary components since such a domain looks locally like a simply con- 
nected domain. 

This property implies the following "global" restriction properties. For 
convenience only, we will state them under some assumptions on the bound- 
aries of the domains. 

Corollary 2.3 (Splitting property). Let D denote a simply connected do- 
main such that dD is a Jordan curve. Let a, b and b' denote three distinct 
points on dD, and let I denote the connected component of dD \ {6, 6'} that 
does not contain a. Let {Kt,t > 0) (respectively K[) denote an SLE^ in D 
from a to b (resp. from a to b' ). Let T (resp. T') denote the first time at 
which Kt (resp. K'^) intersects I. Then {Kt,t < T) and {K[,t < T') have 
the same law up to time-change. 

Corollary 2.4 (Restriction property). Let D* C D denote two simply 
connected domains, and assume that dD is a Jordan curve. Suppose that 

1 := dD*\dD is connected. Take two distinct points a andb in dDr\dD*\I . 

Let {Kt, t > 0) denote SLEq from a to b in D, and T := sup{t : KtClI = 
0}. Similarly, let {K^,t > 0) be SLEq from a to b in D* , and T* := sup{t : 
/ = 0}. Then, {Kt,t < T) and {K;,t < T*) have the same law up to 
time-change. 

In the present paper, we will use these results when D is a rectangle. 
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Proof of Corollary |2.3 (assuming Theorem |2 .21 ). This is just a consequence 



of the fact that in Theorem |2.2| with D = M and bounded N, one can replace 
7 by := 7(1 — s). Then we get that the law of SLEq in from to 7(0) 
is that of a time-change of SLEq in from to 7(1) up to their hitting times 
of 7. The result in a general domain follows by mapping it conformally onto 
a nice neighborhood with a mapped to and {b,b'} to {7(0), 7(1)}. □ 

Proof of Corollary |2.4| (assuming Theorem |2.2| ). By approximation, it 
suffices to consider the case where / is a simple path. Let / denote a con- 
formal map from D onto H, with /(a) = and f{b) = 00. Define 7 in such 
a way that 7[0, 1] = /(/); note that D* = /-^{Ni'y)). As 6 G dD* \ /, N{-f) 



is unbounded. Hence, by Theorem 2.2, the law of SLEq in D from a to 6 



stopped when it hits J, is (up to time-change) the same as that of SLEq in 
D* from a to 6 stopped when its closure hits I. □ 

In order to prove Theorem |2.2|, we will establish the following lemma: 



Lemma 2.5. Under the assumptions of Theorem \2.2^ define for any fixed 
s < 1, Lg = 7(0, s], and 

T = sup{t >0:KtnLs = (/)}. 

For all t < T , let Qs^t denote the conformal homeomorphism taking EI \ 
{Kt U Lg) onto EI with the hydrodynamic normalization. Then, the process 
{gs,t,t < T) has the same law as a time-change of SLEq m EI \ starting 
O't go,s — fl'o,s(0), up to the time when the closure of its hull intersects Lg. 



Proof of Theorem |2.2| (assuming Lemma |2^ ) . In the setting of the Lemma, 
let 

hsAz) = ^77^^ • 



By Lemma ^]5| and Proposition |2T1|, t hg t has the same law as a time- 
change of SLEq starting at hg Q. Note that /is,o(0) = 0, h'^ ^i^) = 1. Hence, 
it follows easily that for all z e N {'-/), 

hmhs^o{z) = ^pNiz). 

By continuity, if we let hi^t = hnis^i hg t, then, t ^— hn has the same law as 
a time-changed SLEq (in A^) started from ipM- The proof is completed by 
noting that the hull of /ii.t is Kf. □ 



10 



The idea in the proof of Lemma |2.5| is to study how the process g, 



Js,t 



changes as s increases. For this, we will need to use some of the properties of 
solutions to where is replaced by other continuous functions, and 
to study how (deterministic) families of conformal maps can be represented 
in this way with some driving function. 

2.3 Deterministic expanding hulls 
2.3.1 Definition and first properties 

If {Ut, t G [0, a]) is a continuous real-valued function, then the process defined 
by 

^ ray 

and gQ{z) = z will be called the Lowner evolution with driving function 

Uf. Note that gt satisfies the hydrodynamic normalization ( |2.2| ). Moreover, 

gt{z) = z + 2tz~'^ + a2{t)z~'^ ^ , 2:^00, (2.4) 

for some functions aj{t), j = 2, 3, . . . . As above, we let (Z M denote the 
domain of gt, and let Kt := M.\ Dt. Kt will be called the expanding hull 
of the process gt. 

We now address the question of which processes Kt can appear as the 
expanding hull driven by a continuous function Ut- We say that a bounded 
set C EI is a hull if EI \ i^' is open and simply connected. The Riemann 
mapping theorem tells us that for each hull K, there is a unique confor- 
mal homeomorphism : EI \ — >■ EI, which satisfies the hydrodynamic 
normalization ( ^.21) . Let 

A{K) = A{gK) ■■= l lim z{gK{z) - z); 

that is, g{z) = z + 2A{g)z~^ + ■ ■ ■ , near 00. Observe that A{K) is real, 
because gxix) is real when x G M and is sufficiently large. Moreover, 
A{K) > 0, because Im(2; — gx{z)) is a harmonic function which vanishes at 
infinity and has nonnegative boundary values. Note that 

Aigoh) = Aig) + Aih) 
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if g and h satisfy the hydrodynamic normalization. It follows that A{K) < 
A{L) when K C L, since = 9gK{L\K) ° 9k- 

The quantity A{g) is similar to capacity, and plays an analogous role for 
the equation ( |2.1| ) as capacity plays for Lowner's equation. 



Theorem 2.6. Let {Kt,t G [0, a]) be an increasing family of hulls. Then the 
following are equivalent. 

1. For all t G [0, a\, A{Kt) = t, and for each e > there is a S > such 
that for each t E [0,a — 6] there is a bounded connected set S GM.\Kt 
with diam(S') < e and such that S disconnects Kt+s \ Kt from infinity 
mn\Kt. 

2. There is some continuous U : [0,a] M, such that Kt is driven by Ut- 

In a similar theorem is proven for Lowner's differential equation in 
the disk. 

Note that Kt may change discontinuously, in the Hausdorff metric, as t 
increases. For example, consider Kt := {exp(2s) : < s < t} when t < tt and 

:= {z : \z\ < 1} and Kt+jr ■= U (-1, -1 + it], t > 0, say, and let 
Kt := -^<^{t) where is chosen to satisfy A{K^(t)) = t. 

Lemma 2.7. Let r > 0, Xg G M, and let K be a hull contained in the disk 
{z : \z — XqI < r}. Then 



-1/ N 2yl(ir) 



Z -Xq 



^ CrA{K) 

~ \z — XqP 



for all z eM with \z — Xo\ > Cr, where C > is an absolute constant. 

Proof of Lemma |2.7| . For notational simplicity, we assume that Xq = 0. 
Clearly, this does not entail any loss of generality. By approximation, we may 
assume that K has smooth boundary. Let / C M be the smallest interval 
in M containing {g^ix) : x G dK fl H}, and let / := g]^^. Let // be the 
restriction of / to /. Let /* denote the extension of / to C \ /, by Schwarz 
reflection. The Cauchy formula gives 



2mf*H= I ^dz+ jlM^Il^dx. 

-R Z — W T X — W 
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provided that R > \w\, R > max{|x| : x G /}, and w G C \ /. Since 
f*(z) = z- 2A{K)z-^ + ■■■ near cx), 

f*(z) f z 

lim / dz = lim / dz = 27iiw. 



Consequently, we have 



/ [w) — w = — dx . 



IT J J X — W 

Multiplying by w and taking w — > oo gives 

A{gK) = -A{n = 1- jl,n{fi{x)) dx. (2.5) 

Moreover, 

/*(^) _ ^ _ 2A{nw-^ = - [ lm{fjix)) + -)dx, 

TC Jj ^ ' \X — W WJ 

and therefore 

\nw)-w-2A{nw-^\ 

< — lm(//(x)) sup{|(x — w)~^ + w~^\ : X E l] dx 

Jl 

= -2A{f*)snp{\x/{{x-w)w)\:xel}. 

Hence, the proof will be complete once we demonstrate that there is some 
constant cq such that I C [— cor, cor]. This is easily done, as follows. Define 
G{z) := gK{rz)/r for \z\ > 1, and write G{z) = z + aiz~^ + a2Z~'^ + . . . . The 
Area Theorem (see, e.g., [^) gives 1 > X^jliJkjP- particular, \aj\ < 1 
for j > 1. Consequently, we have \G{z) — z\ < 1 for \z\ > 2. By Rouche's 
theorem (e.g. |^), it follows that (^({l-zl > 2}) D {\z\ > 3}. Consequently, 
QxiM \ ^) ^ {kl > 3r}, which gives / C [-3r, 3r]. □ 

For convenience, we adopt the following notation 

Kt,u ■= gKt{Kt+u \ Kt) . 

Proof of Theorem |2.6| . We start with 1 implies 2. Let R := sup{|z| : 
z G Ka}, and let Q := {z E M. : \z\ > R + 2}. Let t,6,e and 5* be as in 
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the statement of the theorem, and let s G dS. Suppose that e < 1 and 
r G [e, ^/e\. Then there is an arc jSr of the circle of radius r about s such 
that j3r G M. \ Kt and KtUM.U jSr separates Kt+s \ Kt from Q. It therefore 
follows that the extremal length of the set of arcs 'mM.\Kt which separate 
Kt+5 \ Kt from Q in EI \ i^'i is at most const/ log (1/e). (For the definition 
and basic properties of extremal length, see The terms extremal 

length and extremal distance have the same meaning.) extremal length is 
invariant under conformal maps, it follows that the extremal length of the 
set of paths in EI that separate Kt^s from gxtiQ) is at most const/ log (1/e). 
Because the diameter of gxtiM \ Q) is bounded by some function of R (this 
follows since gxt has the hydrodynamic normalization), we conclude that at 
least one of these arcs has length less than const/ log (1/e). Consequently, 
this is a bound on the diameter of Kt^s- Observe that this bound is uniform 
for all t E [0,a — 6]. For each t < a, we then define Ut to be the point in the 
intersection n«>o ^t,u- We have an upper bound on dia.m{Kt^s) which tends 
to zero uniformly as 6 —>■ 0, and therefore lim^^o fl'Xt * (^) — -2 = uniformly 
for ;z G EI\ {Kf s) and t<a — 6. This implies that Ut is uniformly continuous 
on [0, a) and can be extended continuously to [0, a]. 

Now let 2;o £ H \ -^a- Then there is some c > such that Im( (7/^^(2:0)) > c 
for all t G [0,a]. Lemma applied with K = Kt^u, z = gxt+ui^o) and 
Xq = Ut+u gives 

QkAzq) - gKt+Azo) ^ 2 ^ ^ 



t+u 



as 5 — > 0. As gxti^o) ^^^^ Ut are continuous in t, we may therefore conclude 
that ^ 

dtgKt{zo) = 7 — ^ YT ' 

gKtizo) - Ut 

which gives 2. 

The proof that 2 implies 1 is easy. Let e > 0. Given 0<t<t + u<a, 
let p{t,u) := u + max{f/(t') - U{t") : t',t" G [t,t + u]}. Observe that 
diam^Kt^u) — > if p{t, u) — > and p{t, u) — > if u — > 0. Consequently, the 
extremal length of the set of paths separating Kt^u from {zgEI:|z|>1} 
in EI goes to zero as p{t, u) 0. This implies that there is a path (3 in 
this set such that diam(5f^^(/5)) < e, provided u is small. We then just take 

s = gKl{P). ' □ 
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2.3.2 Time-modified expanding hulls and restriction 

Let {Kt,t G [0,a]) denote a family of hulls, and suppose that there is a 
monotone increasing homeomorphism (f) : [0, a] — > [0,a], such that [^K^i^f^^t G 

[0, a]) is an expanding hull driven by some function t ^ Ut- If additionally 
is continuously differentiable in [0, a] and (j)'(t) > for each t E [0, a], then we 
call {Kt,t G [0,a]) a time-modified expanding hull, with driving function 
Ut := U(p-'^(t)- Note that, in this case, 4>~^(t) = A{Kt), and that 

Note that in our terminology, an expanding hull is always a time-modified 
expanding hull. 

Lemma 2.8. Let {Kt,t G [0,a]), be a time-modified expanding hull, with 
driving function {Ut,t G [0,a]). Let D be a relatively open subset ofM which 
contains Ka, and set := D fl M. Let G : D ^ M be conformal in D\ 
and continuous in D, and suppose that G{D]^) C M. Then {G{Kt),t G [0,a]) 
is a time-modified expanding hull. Moreover, 

dtA{G{Kt)) = G\UofdtA{Kt) , att = 0. (2.7) 



Proof. We first prove (|2.7| ). The proof will be based on (|2.5| ). Note first that 
if K' = aK then A{K') = a'^A{K). Therefore, we may assume that G'{Uq) = 
1. Similarly, with no loss of generality, we assume that Uq = G{Uq) = 0. By 
the reflection principle, G is analytic in D. 

Set Kt '■= G{Kt). Let /j C M be the interval corresponding to of dKt fl EI 

under g^t, and let It be the interval corresponding to dKt H EI under g^^^. 
Let e > 0, and let := {z E D : |1 — G'{z)\ < e}. Let P be some arc in 
-De \ {0} that separates from oo in EI. Consider the map 

ht = g^.^Gog-]. 

It is well-defined in a neighborhood of It provided that Kt P\ [5 = ^ (for 
instance), and this holds when t is small. This map may be continued ana- 
lytically by reflecting in the real axis, and therefore the maximum principle 
implies that 

sup{/ij(a;) ■.xelt}< sn^{\h[{z)\ : z G gKti.1^)} 
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when Kt n P = ^. Note that gxti^) — z ^ and gj^^{z) — 2; — > as t \ 0, 
and therefore g'pc^{z) 1 and g'^ (z) 1 on f3. Consequently, for small t we 
have 

sup{h't{x) : X e It} <l + 2e. (2.8) 

Note that for z close to f/o = we have Im(G'(z)) < (1 + e)lm{z). Using 
(|2.5|), this inequality and (|2.^), we get 



A{G{Kt)) = ^ f lm{g-^l{x)) dx 

lm(G o g^^[x))h[{x) dx 



1 

2^ 



< ^ / {l + e)lu.{g-^]{x)){l + 2,)dx 



= {l + e){l + 2t)A{Kt) 

for small t > 0. (Note that g^^{x) is not defined for every x G but it 
is defined for almost every x G It-) By symmetry, we also have a similar 



inequality in the other direction. This proves (|2.7| ). 



By Theorem Z^, to show that G{Kt) is a time-modified expanding hull. 



it suffices to show that A(^G{Kt)) is continuously differentiable in t, with 
derivative bounded away from 0. Let Gt ■= gj^^ o G o g~^^. Then Gt is 
analytic in gxti^ \ Kt) and depends continuously on t. Hence G[{Ut) is 
continuous in t. Since A[G{Kt+u)) = A{G{Kt)) + A{GtiKt,u)), it follows 
that dtA{G{Kt)) = G[{UtYdtAiKt), which completes the proof. □ 

For future reference, we note that when gt = gxt satisfies the differential 
equation ( |2.6| ), we have the following formula 

A 1 u \ '^dtA{gt) 

dt logg^iz) = -—— —2 , (2.9) 

[gt{z) - Ut) 

which is obtained by differentiating p.6| ) with respect to z. 
2.3.3 Pairs of time-modified expanding hulls 

We now discuss the situation where there are two disjoint expanding hulls. 



16 



Let {Lg, s G [0, So]), and {Kt,t G [Ojto]), be a pair of time-modified ex- 
panding hulls such that L^q nf^to = 0. Let gs,t ■= gL^uKt, 9t ■= 9Kt, 9s ■= 9Ls 
and a(s,t) := A{gs^t)- Then for each s G [0, Sq] and t G [0,to] we have 

9s,t = 9gt{Ls) ° 9t ■ 

Therefore, 



where s ^ U^{s,t) is the driving function for the time-modified expanding 
hulls s ^ gt{Ls). Similarly, 

2 dta{s, t) 



dt9s,t{z) 



gs,t{z)-U\s,t) 



where t ^ U^{s,t) is the driving function for the time-modified expanding 
hulls 1 1— > gs{Kt). Although we do not know that g^^{U'^{Q, t)) is well defined, 
9s,t ° 9t^ is analytic in a neighborhood of f/^(0, t), by the reflection principle. 
Hence, it is clear that U^{s,t) = gs,t o 9r^{U'^{0,'t)) (see, for example, the 
construction of Ut in the proof of Theorem |2.6|), and therefore 



uHs t) = ^^-^^"'^^ (2 10) 



We will now prove the formula 



. ,^ -4:dsa{s,t)dta{s,t) 



From (|2.7|) we have 

dta{0, s) = g'AU\0, 0))%a{0, 0) = g'^U^O, 0)f , 
and using ( p.9|) , leads to 

-^d,A{g,) 



ds\ogdta{0, s) 



{gs{U'{0,0))-U^{s,0)y 

-Adsa{0,s) 
(f/2(s,0)-f/i(s,0))2' 



This verifies ( 2.11 ) for the case t = 0. The general case is similarly obtained. 
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2.4 Proof of Lemma 



We will now prove Lemma p.5| ; this is the core of the proof of the locality 
property. We that 7 : [0, Si] — > H is a continuous simple path with 7(0) G 
M \ {0} and Lg := 7(0, Si] C H. With no loss of generality, assume that 7 
is parameterized so that A{Ls) = s. By Theorem |2.6| , {Ls,s G [0, Si]) is a 
time-modified expanding hull, and by Lemma for each s, t 1— > gj^^^Kt) is a 



time-modified expanding hull and for each t, s 1— >■ gxtiLg) is a time-modified 
expanding hull. Let t W{s,t) be the process driving t gL^{Kt), let 
U{s,t) be the process driving s ^— gxtiLs), and let = 1^(0, t) be the 
process driving Kt. As above, let a{s,t) = A{gs^t)- For simplicity, W{s,t) 
will be abbreviated to W, U{s,t) to U, a{s,t) to a, etc. 

Our aim is to show that (W{si,t),t > 0) is a continuous martingale (up 
to the stopping time T) and that its quadratic variation (for background on 
stochastic calculus, see, for instance, [^, ^) is 

(iy(si,-))t = 6(a(si,t)-a(si,0)). 

Indeed, if this is true, let (f){t) be the inverse of the map t \—>- a{si,t) — a{si, 0), 
and define W{t) = W{si,(f){t)), then W{t/Q) is a Brownian motion, so that 
t gs-^fi{K^(^t)) — (731,0(0) is an SLEq process, as required. Note that this 



will in fact give a precise expression for the time-change in Lemma 2.5 and 



Theorem 2.2. 



Before giving the mathematically rigorous proof, we first present a formal, 
nonrigorous derivation of the fact that W{s, ■) is a martingale. In this deriva- 
tion, K will be kept as a variable, in order to stress where the assumption 
K = 6 plays a role (it will not be so apparent in our proof). 

Nonrigorous Argument. The first goal is to show that the quadratic 
variation {W)t of t W{s,t) satisfies 

dt{W)t = Kdta, (2.12) 

for each s,t. It is clear that this holds when s = 0, since Kt is SLEq. We 
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have 

dMW)t = dtds{W)t 

= 2dt{dsW,W)t 

= 2dt{2{dsa){W -UY\w)t (by CT) 

= -A{dsa){W - U)-^dt{W)t (by Ito's formula) 

= {dta)-\dAa)dt{W)i (by (|CT|)). 

Consequently, 

(5ta)29,(9t(iy)tMa) = dtadMW)t - 9^(1^)^ S.^^a = , 



which means that dt{W)t/dta does not depend on s. Since ( p.l2| ) holds when 
s = 0, this proves ( [^.121 ). 

We now show that t i— > W{s,t) is a martingale. The (it term in Ito's 
formula for the c?t-derivative of 

dsW{s,t) =2dsa/{W -U) 

is 

where the first summand comes from differentiating c^^a, the second summand 
is the diffusion term in Ito's formula, and the last summand comes from 
differentiating with respect to U and using ( |2.1UD for dtU . Using ( |2.11| ) and 
(|2.12| ), this becomes 



1 \ did^a 

3 - -K^ 



2 JW-U 
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which vanishes when k = 6. Hence t i— > dsW{s,t) is a martingale. As 
W{s,t) = Yt + dsW{s',t) ds', it follows that t W{s,t) is a martingale. 
This completes the informal proof. 

The problem with the above argument is that we do not know that t i— *■ 
W{s,t) is a semi-martingale, and hence cannot apply stochastic calculus to 
it. Moreover, we need to check that there is sufficient regularity to justify 
the equality dsdt{W)t = dtds{W)t. 
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To rectify the situation, set 



rt' 

V{s,t'):=W{s,0)+ y^dta{s,t) dYt . 
Jo 

Then t \—>- V{s, t) is clearly a martingale. The rest of this subsection will be 
devoted to the proof of the fact that V = W. Recall that 

T = sup{t >0:KtnLs,= 0}. 

We will need the following fact: 

Lemma 2.9. There exists a continuous version ofV on [0,si] x [0,T). 

Proof. In order to keep some quantities bounded, we have to stop the 
processes slightly before T. Let us fix e G (0, 1), and define 

Ti^ = inf{t>0 : inf \W{s,t) ~ U{s,t)\ < e}. 

s<si 

Define for any s < Si and > 0. 

/■min(to,Tf) 

V{s,to) = V'{s,to):= / Vd^dYt. 

Jo 

As sup„>i Tj^^" = T, it is sufficient to show existence of a continuous version 
(on [0, si] X M+) of V. 
Let 

d = d{s,t) := lt<Tf^/di^- 
Note that dta{0, t) = dsa{s, 0) = 1. Hence, from ( p. Ill) it follows that dsa < 1 



and dta < 1 for all s < si, t < T. Using ( p.ll| ) again, we get 

2y/d^dsa . ^ _2 

Hence, for all t > 0, for all s, s' in [0, si], 

\d{s,t) - d{s',t)\ < 2e"^|s - s'|. 
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But 



E 



iVis,to)-Vis',t',)r 



< 16 E 



d{s',t) dYt 



to 



+ 16E 



to 



{d{s,t) - d{s',t)) dYt^ 



and using, for instance, the Burkholder-Davis-Gundy inequality for p = 4 
(see, e.g., |^ IV.4]), we see that there exists a constant Ci = Ci(e) such that 
for all to; t'o^ ^ and s, s' G [0, Si] 



to ^ 2 

(s-s'?dt 



E [V{s,to)-V{s',t',)^ 

< ciE[(to-to)'] +CiE 

< c,{to - t'of + c,tl{s - s' 

and the existence of a continuous version of V then easily follows from Kol- 
mogorov's lemma (see, e.g., [^, 1.(1.8)]). □ 

From now on, we will use a version of V that is continuous on [0, si] x 
[0,T). Define 



rpe 



inf{t>0 : svip\V{s,t) -W{s,t)\>l} 



T| := inf{t > : inf \V{s,t) - U{s,t)\ < e} 

s<si 



:= mmiTlT^,Ti). 
Note that for all s < Si and t < T, 



ds^/dta 



—2y/dtadsa 



The process ds\/dta remains bounded before (uniformly in s < Si), and 
it is a measurable function of (s,i). By Fubini's Theorem for stochastic 
integrals (see |l^. Lemma III. 4.1]), we have that for all Sq < Si, for all to > 0, 
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almost surely 

{W - Uf 

"to , rso 




dYfds 



^0 



= V{so, Q - V{0, Q - {W{so, 0) - W{0, 0)) (2.13) 

where t'^ := mm{to,T^). On the other hand, using Ito's formula, we now 
compute 

2dsa{s,t'Q) _ 2 , 29,av^ 



u{s,t',)-v{s,t',) u{s,Q)-vis,o) Jo (u-vy 



, ^ n f ma _ dsadtU dsadt{V)t \ 

Jo \u-v {u-vr^ {u-vrJ 

-d,W(s,0)+ [°hdYt+ f\v-W)b 
Jo Jo 



•2dt 

(2.14) 



where (using dt{V)t — dtadt{Y)t — ndta — 6dta) 

2dsa\/dta 



b2{s,t) := — - — 7T7rj7T-r — 77^ 5 + 3 



{u-wy{u-v)^\ V-U 

Note that for all s < Si and i < T^ 

|&2(s,^)|<16e-^ 
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By integrating ( |2.14| ) with respect to s and subtracting ( |2.13| ) from it, we get 



U{s,t',)-V{s,t',) 



so rt'g 




{V -W)b2is,t)dtds 



'0 ^0 

+ 



to 



' '^^^^''dYt+ I h{s,t)dYt I ds 



{w-uy J, 

so rtg rso rtQ 



ntf, rso rtQ 

{V -W)b2dtds+ / / {V -W)bidYtds (2.15) 
Jo Jo 



where (after some simphfications) 

2 dstty/dta 



biis,t) :-- 



{V -U)^{W -U)^ 
Note that for all s G [0, si] and t < T^, 

\bi{s,t)\<4e-' 
But we know on the other hand that 

W{so,Q-W{0,Q 



{{U-W) + {U-V)). 



2dsa{s,t',) 



W{s,t',)-U{s,t',) 



ds. 



(2.16) 



Subtracting this equation from ( |2.15| ), one gets 



V{so,Q-W{so,t',)= / b,{s,Q{V{s,Q-W{s,Q)ds 

Jo 

{V -W)b2dtds+ / / {V ~W)bidYtds 
Jo Jo 



where 



h{s,t) :-- 



-2 dga 



{U-W){U-V) 
Again 63 remains uniformly bounded before T^. 



We now define 



H{s,t) = V{s,t) - W{s,t). 
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Hence, for all tn < T 




so 



b3{s,to)H{s,to) ds + 



^0 



ds dt + 



'0 r^o 



^0 



hiHdsdYt 



and |fei|,|&2M&3| are all bounded by some constant C2 = C2(e) on [0, Si] x 
[0,T'^]. This equation and an argument similar to Gronwall's Lemma will 
show that H = 0. 

Let us fix ti > 0. For any t > 0, define 

r(t) = min(t,ti,T'). 

We will use the notation tq = T{to). It is easy to see that there exists a 
C3 = C3(e, ti, Si) such that for all > and Sq G [0, Si], 

H{so,Tof < C3 / His,Tofds 
Jo 

+ C3j J H^dsdt + cai^j J biHdsdYtj . (2.17) 

The Burkholder-Davis-Gundy inequality for p = 2 (see, e.g., [p9| , IV.4]) shows 
that there exists constants C4 = C4(e, ti, si) and C5 = C5(e, ti, si) such that for 
all s G [0, Si] and to > 0, 



E 



sup I 

u<to ^Jo 



t{u) fSO 



biHdsdYt 











< C4E 


J\J biHdsy dt 









< C5 



to fSO 



^0 



E 



H{s,T{t)y 



ds dt. 



Let us now define 



/i(so,to) = E 



sup H[so,T{t)y 

lt<to 



Then 



so 



h{so,to) <cq[ h{s,to) ds + 



to fSo 



^0 



h{s, t) ds dt 
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We also know that h{s,t) is bounded by 1 (because \H\ < 1). Hence, it is 
straightforward to prove by induction that for all Sq G [0,Si], to > and 
p=l,2,..., 

pi 

SO that h{sQ,tQ) = 0. In particular (using the continuity of V and W), this 
shows that W = V almost surely on all sets [0, si] x [0, min(ti, T'^)]. As this 
is true for all e and ti, we conclude that V = W on [0, si] x [0, T). Lemma |^ 



follows, and thereby also Theorem 2.2. □ 



3 Exponents for SLEq 
3.1 Statement 

In the present section, we are going to compute intersection exponents asso- 
ciated with SLEq. 

Suppose that D C C is a Jordan domain; that is, dD is a simple closed 
curve in C. Let a,h E dD be two distinct points on the boundary of D. 
As explained in Section |2.1| , the SLEq {Kt,t > 0) from a to 6 in D is well 
defined, up to a linear time change. 

Now suppose that / C dD is an arc with 6 G / but a ^ L Let 

Ti :=sup{t >0 :!^n/ = 0}. 



By Corollary 2^, up to a time change, the law of the process {Kt,t < tj) 
does not change if we replace b by another point b' G /. Set 

S = S{a,I,D):= \jKt, 

t<TJ 

and call this set the hull from a to / in D. It does not depend on b. 

Suppose that L > 0, and let 71 = TZ^L) denote the rectangle with corners 

Ai:=0, A2:=L, := L + in , A4 := in . (3.1) 

Let S denote the closure of the hull from A4 to [Ai, A2] U [A2, A3] in 71. 

In the following, we will use the terminology vr-extremal distance in- 
stead of "vr times the extremal distance". For instance, the vr-extremal dis- 
tance between the vertical sides of 7^ in 7^ is L. 
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When S fl [Ai, A2] = 0, let C be the 7r-extremal distance between [^li, Ai] 
and [A2, A3] in TZ\S. Otherwise, put C = 00. 
In the sequel, we will use the function 



u{X) 



6A + 1 + V2iX + l 
6 



(3.2) 



The main goal of this section is to prove the following result. 



Theorem 3.1. 

E[l£<ooexp(-A£)] =exp('-ii(A)L + C>(l)(A + l)), as L ^ 00 , (3.3) 



for any A > (where 0(1) denotes an arbitrary quantity whose absolute value 
is bounded by a constant which does not depend on L or X). 

In particular, when A = 0, 



P[Sr\[Ai,A2] = 0] =P[£< 00] = exp(-L/3 + 0(l)), as L ^ 00. 



3.2 Generalized Cardy's formula 

By conformal invariance, we may work in the half plane H. Map the rectangle 
TZ conformally onto H, so that Ai is mapped to 1, A2 is mapped to 00, A3 
is mapped to 0, and then the image x = x{L) G (0, 1) of A4 is determined 
for us. Let Kt be the hull of an SLEq process gt = gxt in H, with driving 
process W{t), which is started at W{0) = x. (That is, Kf is a translation by 
X of the standard SLEq starting at 0.) In order to emphasize the dependence 
on X, we will use the notation P-^ and E-^ for probability and expectation. 



(3.4) 



Set 



To 
T 



sup{t > : n (-00, 0] = 0} , 
sup{t > : n [1, 00) = 0} , 
min{ro,ri}. 



As will be demonstrated, Tq, Ti < 00 a.s 



Let 



Mz) : 



gt{z)-gt{0) 

gtW-gM' 
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for t < T, which is just gt renormahzed to fix 0, 1 and oo. It turns out 
that fx '■= limtyx ft exists a.s. On the event Ti > Tq, fx uniformizes the 
quadrilateral 

(H \ Kr, 1, oo, mm(KT H M), max(¥r H M)) 

to the form 

'H; 1, oo, 0, /r(max(ZT H M)) 
Therefore, we want to know the distribution of 

1 - /T(max(ZT nM)) 

and how it depends on x (especially when x G (0, 1) is close to 1). In this 
subsection, we will calculate something very closely related: the distribution 
of /^(l) and how it depends on x. 
Set 

A(l-x,6) :=E41{To<Ti}/t(1)'] 

for 6 > and x G (0, 1). Recall the definition of the hypergeometric function 
2F1 (see, e.g., §^y. 

TP I \ (O.o)n(a.l)n n 

2-^1(00,01,02; a^j = > —, — ^ — ;— a; , 

where (o)„ = nj=i('^ + i ~ 1) and (0)0 = 1. Note that 2-^1(00, oi, 02; 0) = 1. 
Theorem 3.2. For allb>0,xe (0, 1), 

^ A2-^'r(5/6 + &) ^^^/g ^ + M + 26; x) 

r(i/3)r(i + 6) ^ ^ 

where 



£ VI + 246 

b = . 

6 

and 2F1 is the hypergeometric function. 

Setting 6 = 0, we obtain Cardy's formula 0, as in Thus, this result 
can be thought of as a generalization of Cardy's formula. 
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Note that Theorem ^ determines completely the law of 17|,<Ti/j'(1)- In 
particular, the Laplace transform of the conditional law of log l//y(l) given 
{To < Ti} is A(l - X, 6)/A(l - a;, 0). 

Proof. We first observe that Ti < cxd almost surely. Indeed, gt{^) — W{t) is 
a Bessel process with index 5/3, with time linearly scaled, and hence hits 
almost surely in finite time (e.g. |^). Similarly, gt{0) — W(t) hits almost 
surely. It is clear that Ti is the time t when gt{l) — W{t) hits and Tq is the 
time when gt{0) — W{t) hits 0. It follows from Theorem p.6| and x G (0, 1) 
that almost surely, Tq ^ Ti. We may also conclude that 

lim P,[To < Ti] = 1 , lim P,[To < Ti] = . (3.5) 

The next goal is to prove that 

lim /;(!) > if and only if Tq < Ti . (3.6) 

If Tq < Ti, then Krp fl [1, oo] = 0. Therefore fx is defined and conformal near 
1, and /^(l) > 0, by the reflection principle. On the other hand, if Ti < Tq, 
then Zr n [1, oo) 7^ 0. We claim that 

1 ^ almost surely; (3.7) 



since Kt^ Pi [1,oo) ^ 0, this means that Kt^ separates 1 from oo in M. 
Indeed, let : EI EI be the anti-conformal automorphism that fixes x and 
exchanges 1 and oo. Ti < oo a.s. and supj^^^^ |W^(''^)I < oo a.s. imply that 
is bounded a.s., which is the same as saying that 4>{Kt) stays bounded 
away from 1 as t y Ti. But Corollary |2.3| and invariance under reflection 
imply that up to time Ti the law of Kf is the same as a time-change of the 
law of (p{Kt). Hence, a.s. stays bounded away from 1 as t Ti, proving 
( |3.7] ). It follows from ( p.7|) that limtyTi //(I) = a.s. on the event Ti < Tq 
(observe that, given ( |3.7| ), the extremal length from a neighborhood of to a 
neighborhood of 1 in EI \ tends to oo as t Ti), and ( |3.6| ) is established. 
Define the renormalized version of W{t): 



m 

and the new time-parameter 



W{t)-gt{0) 

gt{i)-gm 



dt 

{gt{l~gmy 
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Set So := limtyx s{t). Since Ti ^ Tq a.s., mi{gt{l) — gt{0) : t < T} > a.s., 
and hence Sq < oo a.s. Let t{s) denote the inverse to the map t ^ s{t). A 
direct calculation gives 



Z(t) - f,(z) Z(t) 1 - Z(t) • 

and 

dWt 2dt /I 1 

" gt{l)-9tiO) + {gt{l) - gt{0)y \Z(tj ^ Wf^ 

We now use the notation 

Z{s):=Zit{s)), Uz) := ft^,){z) . 

Then, 

Z(s)(l-Z(,s)) \Z(.,) l-Z{s)J 

where {Xg, s > 0) has the same law as {W{t),t > 0); i.e., it is a Brownian 
motion with time rescaled by a factor of 6. Also, 

-/.(.-) z(s) i-ZM 

These two equations describe the evolution of fs{z). Note that s(T) = sq is 
the first time at which Z{s) hits or 1. 

We now assume that 6 > 0. Differentiating (|3l9|) with respect to z gives 
(the Cauchy integral formula, for example, shows that we may indeed differ- 
entiate, but this is also legitimate since dg and commute in this case) 

ds{\ogj2z)) = — . (3.10) 

{Z{s)-fg{z)y Z{s) 1-Z{s) 

We are particularly interested in 

a{s) :=log/;(l) = log /;(,)(!) 

which satisfies 

—2 2 2 
dsa(s) = ^ . . (3.11) 

{Z{s) - ly Z{s) 1 - Z{s) 
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Note that equations ( |3.8| ) and ( ^.llj ) describe the evolution of the Markov 
process a(s)) . The process stops at Sq. Define 



y{x,v} 



E 



exp(6a(so)) | Z{0) = x,a{0) = v 



where the expectation corresponds to the Markov process started from Z{0) 
X and a{0) = v. From the definition of y it follows that 

y{x,0) = A{l-x,b), 



since lim^ ft = /t in a neighborhood of 1 on the event Tq < Ti and ( |3.6D 
holds. It is standard that such a function y{x,v) is C°°, and the strong 
Markov property ensures that the process 

Y = y{Z{s),a{s)) 

is a local martingale. The drift term in Ito's formula for dY must vanish, 
which gives 



2(1 - 2x) ^ 



[1 — xy X 1 — X 



d,y. (3.12) 



As 

we get 
Set 



a{s) = a{0) + / {dsa{s'))ds', 
Jo 

y{x, v) = exp{bv)y{x, 0). 



h{x) := y{l-x,0) = A{x,b), 
so that y{x,v) = exp{bv)h{l — x). Hence (|3.12| ) becomes 

-2bh{x) + 2x{l - 2x)h'{x) + 3x^{l - x)h"{x) = 0. 

The second statement in (|3.5|) implies that 



while 



lim h(x) = 

x\0 



lim h(x) = 1 



(3.13) 
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holds, since when x is close to 0, Ktq is likely to be small, by scale invariance, 
for example. The differential equation (|3.13| ) can be solved explicitly by 
looking for solutions of the type h{x) = x'^z{x): two linearly independent 
solutions are {i = 1, 2) 

hi{x) = x^/6+^'2i^i(l/6 + bi, 1/2 + bi,l + 2bi- x) 

where 

VI + 246 

bi = -62 = . 

o 

Recall that 2-F'i(oo, 0,1, 02; 0) = 1. The function h{x) must be a linear com- 
bination of hi and h2- However, lim^\o ^(a^) = = lim^^o ^i(a^), but 
lim^\o^2(a;) = 00 . Hence, h{x) = chi{x) for some constant c. The equality 
h{l) = 1 and knowledge of the value at x = 1 of hypergeometric functions 
(see, e.g., ^^j) allows the determination of c, and establishes the theorem in 
the case b > 0. The case 6 = follows by taking a limit as 6 \ 0. □ 



Remark. With the same proof. Theorem |3.2| generalizes to SLE^ with 
K > 4, and gives 

A«(a;, b) = C{b, k)x^'^-^'''+'-2Fi{1/2 - 2/k + Q/k - 1/2 + 6«, 1 + 26«; x) , 
where 

^ _ ^{K-Af + lQnb r(3/2-6//€ + Mr(l/2 + 2//€ + 6«) 



2« r(l-4/«:)r(l + 26,) 

3.3 Determination of the SLEq exponents 
For every t > 0, set 

Mt := max(Kt n M) . 

The following Lemma shows that our understanding of the derivative /^(l) 
gives information on /^(M]-) itself. 

Lemma 3.3. In the above setting, let Nt '■= /t(Mt). For b > 0, set 
e{x,b) ■.= Ei^,[l{To<n}{l-NTf]. 

Then 

{x/2 fA{x/2, b) < 0(x, b) < x^A{x, b). (3.14) 
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Note that 9(x, b) is close to the quantity we are after, since — log(l — A^^) 
is approximately the extremal length of the quadrilateral (M.\Kj'', m.m{KTr\ 
M),max(ZTn]R),l,oo). 

Proof. It follows easily from (|3.1CI| ) that fl{z) is nondecreasing in z (viewed 
ClS db real variable), as long as 2; > M^. Therefore, 



1 - A^T 



/ /tW dz<{l- MT)ffr{l) < xffril). 

J Mt 



This gives the right hand inequality in ( |3.14| ). 

To get the other inequahty, consider some fixed x* > 1 {x* should be 
thought of as close to 1; we will eventually take x* = 1/(1 — x)). Let x* = 
/t(x*). Then 

/X* 
friz) dz > {x* - 1)/t(1). 

This gives 

E,_,[^To<n}{^* - NtT] > {x*-lfA{x,b). (3.15) 

A simple scaling argument will give an upper bound of the left-hand side of 
this inequality in terms of 0. Let 

T* = M{t > : n M \ (0, X*) ^ 0}. 

Note that T < T* < 00 a.s. and that T = T* if Tq < Ti. For each t <T\ 
let /j* be the conformal map from the unbounded component ofM.\Kt to H, 
which fixes the points 00, 0, x*. For all t < T, 

ft{x*) 

Note that 

Mx*) < X* = /;(x*). 

Then, 

MTo<n}ix* - Nt) < liTo<n}{x* - /^(Mt)). 

Hence, 



47b <Ti 



}ix* - Nt) < l{M,,<.*}(x* - /^*(Mt.)), (3.16) 
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since on the event Tq < Ti, we have T = T* and Mt = M^*. However, by 
scale invariance, when W{0) = 1 — x the random variable 

W<...}(x*-/;.(MtO) 

has the same law as the random variable 

x*1|m,<i}(1-/t(Mt)) 

does when W{0) = (1 — x)/x*. Thus, combining ( p.l6| ) and ( |3.15| ) gives 

(a;*)''e(l - (1 - x)/x*, b) > {x* - l)''A(x, b). 

We take x* = 1/(1 — a;), say, and get 

e{2x, b) > 6(22; - x^, h) > x''A{x, b), 

which gives the left hand side of ( |3.14| ). □ 

We are now ready to derive Theorem lOI by 



Proof of Theorem 13.1 



combining Theorem |3.2| and Lemma 



In the setting of the theorem, let (j) : TZ{L) ^ EI be the conformal 
homeomorphism satisfying (f){Ai) = 1,0(^42) = oo, and (f){A^) = 0. Set 
X = x{L) := 0(^4). By conformal invariance, the law of C is the same as 
that of the vr-extremal distance £* from (—00, 0] to (A'j^, 1) in EI (with the 
notations of Lemma |3.3|) . Considering the map z log{z — 1) makes it clear 
that 



x] 



0(1] 



^ = -log(l , 

for L > 1, and similarly 

C* = -\og{l-NT) + 0{l) 

For L > 1, (note also that C > L), 

E [lc<oo exp{-\C)] = E [Ic^^o. exp{-\C*)] 

= exp(0(l))E [U,<i(l - Nt)^] (by (CT) ) 
= exp(0(l))e(l -a;,A) 

(by PI and pD 



(3.17) 
(3.18) 



u{\) 



exp(0(A + l))(l- 
exp(0(A + 1)) exp{-ui\)L) (by (WlTh ) 



which completes the proof of Theorem 3.1 



□ 
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4 The Brownian half-plane exponents 



We are now ready to combine the results collected so far and a "universality" 



idea similar to that developped in [^] to compute the exact value of some 
Brownian intersection exponents in the half-plane. 



4.1 Definitions and background 

In this short subsection, we quickly review some results on intersection ex- 
ponents between independent planar Brownian motions. For details and 
complete proofs of these results, see 



Suppose that n + p independent planar Brownian motions ■ ■ ■ , /3" and 



7 



, 7^ are started from points P^{0) 



/5"(0) = and 7^0) 



7^(0) = 1 in the complex plane, and consider the probability fn,p{t) that for 
all j < n and / < p, the paths of up to time t and of 7' up to time t do 
not intersect; more precisely: 



/n,p(t) := P 



U/5io,t])n(UV[o,t] 



1=1 



It is easy to see that as t ^ 00 this probability decays roughly like a power 
of t. The (?7,,p)-intersection exponent ^{n,p) is defined as twice this power. 



We call C,{n,p) the intersection exponent between one packet of n Brownian 
motions and one packet of p Brownian motions (for a list of references on 
Brownian intersection exponents, see p8[). Note that the exponent ( de- 
scribed in the introduction is ^(1, l)/2. It turns out to be more convenient 
to use this definition as a power of i.e., of the space parameter. A Brow- 
nian motions travels very roughly to distance y/t in time t: recall that if (3 
is a planar Brownian motion started from 0, say, and Tr denotes its hitting 
time of the circle of radius R about 0, then for all 6 > 0, the probability 
that Tr ^ {R'^~^, R^^^) decays as i? ^ 00 faster than any negative power 
of R. This facilitates an easy conversion between the time based definition 
of intersection exponents and a definition where the particles die when they 
exit a large ball. 
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Similarly, one can define corresponding probabilities for intersection ex- 
ponents in a half-plane 

fn,p{t) := P [Vj <n,yi< p, (3^[0, t] n 7'[0, t] = and /3^'[0, t] U 7'[0, t] C H] , 

where Ti. is some half-plane containing the two starting points. {fn,p{t) will 
depend on Ti.) In plain words, we are looking at the probability that all 
Brownian motions stay in the half-plane and that all /5's avoid all 7's. It 
is also easy to see that there exists a C,{n,p) (which does not depend on H) 
such that 

Note that ( described in the introduction is ^(1, l)/2. 

One can also define intersection exponents ^(rii, . . . , Up) and ^(tt-i, . . . , Hp) 
involving more packets of Brownian motions. (For a more detailed discussion 
of this see p8|). For instance, if B^, B^, B^, B^ denote four Brownian motions 



started from different points, the exponent ^(2, 1, 1) is defined by 
P [The three sets B^[0,t] U fi^[0,t], B^[0,t], B'^[0,t] are disjoint] 



One of the results of is that there is a natural and rigorous way to gen- 
eralize the definition of intersection exponents between packets of Brownian 
motions to the case where each packet of Brownian motions is the union of a 
"non-integer number" of paths; for the half-plane exponents, one can define 
the exponents ^(mi, . . . , Up), where Ui, . . . ,Up > 0. These generalized expo- 
nents satisfy the so-called cascade relations (see l2^): for any I < q < p — I, 

i{UQ, ...,Up)= i{U0, ... , ^{Ug, ... , Up)). (4.1) 

Moreover, ^ is invariant under a permutation of its arguments. 

There exists (see p8|, ^) a characterization of these exponents in terms 



of the so-called Brownian excursions that turns out to be useful. For any 
bounded simply connected open domain D, there exists a Brownian excursion 
measure fio in D. This is an infinite measure on paths {B{t),t < t) in D 
such that -8(0, r) G D and -B(O), B{t) G dD (these can viewed as prime ends 
if necessary). Xg '.= B{0) and Xe '.= B{t) are the starting point and terminal 
point of the excursion. One possible definition of /i^i is the following: Suppose 
first that D is the unit disc. For any s > define the measure on Brownian 
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paths (modulo continuous increasing time-change) started uniformly on the 
circle of radius exp(— s), and killed when they exit D. Note for any sq > s, 
the killed Brownian path defined under the probability measure P** has a 
probability s/sq to intersect the circle of radius exp(— sq). Then, define 

^iD ■■= lim{2nr /s)P'. 

One can then easily check that for any Mobius transformation from D onto 
D, (f){fiD) = fJ'D- This makes it possible to extend the definition of fin to 
any simply connected domain D, by conformal invariance. These Brownian 
excursions also have a "restriction" property as the Brownian paths only 
feel the boundary of D when they hit it (and get killed). 

Suppose for a moment that TZ = 'R-{L) C C is the rectangle with corners 
given by (|0|), and that B is the trace of the Brownian excursion {B{t),t < r) 
in TZ. Define the event 

E, = {B{0) E [Ai,A4 and B{r) E [A2, As]} , 

i.e., B crosses the rectangle from the left to the right. (Although fi-ji is an 
infinite measure, ^ti{Ei) is finite.) When Ei holds, let 7?.^ be the component 
oi7i\B above and let 7^^ be the component oilZ\B below B. Let £^ 
(respectively £^) denote the vr-extremal distance between [Ai, x^] and [A2, 
in 7?.^ (respectively [x^, A4] and [0:6,^3]) in 7?.^. 

Then, for any a > and a' > 0, the exponent ^(a, 1,q;') = ^(1, .^(a, a')) 
is characterized by 

E^^ [Ie, exp(-a/:+ - a' Cs)] = exp(-f (a', 1, a)L + o{L)) , (4.2) 

when L ^ 00, where E^^ denotes expectation (that is, integration) with 
respect to the measure /xt^. Similarly, 

E^^ [Ie, exp(-«£+)] = exp(-e (1, a)L + o(L)) , L ^ 00 . (4.3) 



See p^] . It will also be important later that ^ is continuous in its arguments. 



and that A 1— >• ^(1, A) is strictly monotone. 

4.2 Statement and proof 

For any p > 0, we put 

P{P + 1) 



6 
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Let V denote the set of numbers {vp : p eN}. Note that the smallest values 
in V are 0,1/3,1,2,10/3,5,7. 

We are now ready to prove the following result: 



Theorem 4.1. For any k > 2, ai, ■ ■ ■ , a^^i in V and for all G 



~ (V24ai + 1 + ■ ■ ■ + V24a, + 1 - (fc - 1))' - 1 

= ^ — . (4.4) 

It is immediate to verify that this Theorem implies Theorem p..l| . 
Remark. In Theorem |4.1| is extended to all nonnegative reals ai, . . . , a^. 



Theorem E?T| is a consequence of the cascade relations and the following 
lemma, which is the special case of the theorem with = 2, cti = 1/3: 

Lemma 4.2. For any A > 0, 

f(l/3,A)=n(A), 

where u{X) is given by ( p. 21) . 

Proof of Theorem [4.1| (assuming Lemma |4.2|) . Define for all A > 0, 



f/(A) = v24A + l — 1- Lemma |4.2| implies immediately that for all A > 0, 

Uiiil/3, A)) = U{\) + 2 = f/(A) + Uil/3) 

and (for all integer p), Vp+i = (,{1/3, Vp). The cascade relations then imply 
that for all integers pi, . . . ,Pk-i, 

avp, , . . . , vp^_^, A) = (2(pi + . . . + p,_i) + f/(A)) . 

This is (O). □ 



Proof of Lemma [4.2| . For convenience, we again work in a rectangle rather 
than in the upper half-plane. Let 71 = 71{L), and let S denote the closure of 
the hull of SLEq from A4 to [Ai, A2] U [A2, A3] in 71, as in Let ;B denote 
the trace of a Brownian excursion in 71; we will call its starting point Xg and 
its terminal point Xg. Consider the following events: 

El = {xs e [Ai, Ai] and Xe G [A2, A3]} , 
E2 = {Sn[Ai,A2]=^}, 

E3 = ^1 n ^2 n {5 n = 0} . 
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When E2 holds, let £5 denote the vr-extremal distance between the vertical 
edges of 7^ in 7?. \iS (that is, in the quadrilateral "below" S). Otherwise, let 
Cs = 00. 

When El holds, let 7^^ be the component of 7^ \ i3 above B, and let 
7^^ be the component of 7^ \ i3 below B. Let C]^ (respectively £j) denote 
the vr-extremal distance between the vertical edges of 71 in 7^^ (respectively 
in 7^g), as before. When holds, let Csb denote the vr-extremal distance 
between the vertical edges of 71 in 7?.^\iS (that is, in the quadrilateral "below 
S and above B"). 

Let A > 0. We are interested in the asymptotic behavior of 

f{L) = E[lE,exp{-XCsB)] 

when L — »• 00. By first taking expectations with respect to B (with the 
measure yUvj), and using the restriction property (Cor. |2.4| ) for the domains 



7Z and 7Z]^, it follows that as L 



f{L) 



exp 



CXD, 

E5[exp(-A/:5B)] 
exp(-M(A)/:+ + 0(l)) 
l{l,u{\))L + o{L) 



(by Thm. |XT| and restriction to 7^^) 
(by (U) . 



On the other hand, we may first take expectation with respect to S. Given iS, 
the law of Csb is the same as that of by complete conformal invariance 
of the excursion measure (which is the analogue of the restriction property 
to the excursion measure; see p8[). Hence, as L ^ 00, 

/(L) = Es[EB[li=;3exp(-A/:sB)]] 

= Es [Eb [lE3exp(-A£B)]] 

= Eb [E5 [l£3exp(-A/:B)]] 

= EB[P5[^3|/:^]exp(-A£^)] 

= Eb [exp(-/:+/3 + 0(1)) exp(-A£^)] (by i^)) 



exp 



exp 



-e(l/3,l,A)L + o(L) 
-f(l,f(l/3,A))L + o(L) 



(by (I 



by the cascade relations 
e(l,M(A)). Finally, 



T]). Comparing with ( ^751) gives ,^(1, ^(1/3, A)) 
f(l/3,A)=n(A), 
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follows, since A' ^— ^(1, A') is strictly increasing. □ 

5 Crossing exponents for critical percolation 



It has been conjectured |42] that SLEq corresponds to the scaling limit of 
critical percolation clusters. As additional support for this conjecture, we 
now show that it implies the conjectured formula for the exponents corre- 
sponding to the probability that a long rectangle is crossed by p disjoint 
paths or clusters of critical percolation (|T^, ||, 0]). 



Let us first explain the conjectured relation between SLEq and critical 
percolation. Let D C C be a domain whose boundary dD C C is a simple 
closed curve. Let a, 6 G dD be distinct points. Let 71 be the counterclockwise 
arc on dD from a to b, and let 72 be the clockwise arc on dD from a to b. Let 
6 > 0, and consider a fine hexagonal grid H in the plane with mesh 6; that 
is, each face of the grid is a regular hexagon with edges of length 6, and each 
vertex has degree 3. For simplicity, assume that dD does not pass through a 
vertex of H and that a and b do not lie on edges of H. Color each hexagon 
of H independently, black or white, with probability 1/2. Then the union of 
the black hexagons forms one of the standard models for critical percolation 
(see Grimmett for percolation background and references). 



Given the random coloring, there is a unique path (3 <Z D that starts at 
a, ends at 6, such that whenever /3 is not on 71 it has a black hexagon on its 
"right" and whenever (3 is not on 72 it has a white hexagon on its "left" . This 
path is the boundary between the union of the white clusters in D touching 
72 and the black clusters in D touching 71. Let / : D — >■ EI be a conformal 
homeomorphism such that /(a) = and f{b) = 00, and parameterize /3 in 
such a way that A(/(/3[0, t])) = t. Let Df be the component of D \ /3[0, t] 
that has b on its boundary, and let Kt = D \ Df. The conjecture from 
(stated a bit differently) is that as 5 ^ the process {Kt,t > 0) converges 
to SLEq from a to 6 in D. In light of this conjecture, the Locality Theorem 



2l2| and its corollaries are very natural. 

Now consider an arc I C dD, which contains b but not a. Let 61 and 
62 be the endpoints of J, labeled in such a way that the triplet a, 61, 62 is in 
counterclockwise order around D. Let j'l C 71 be the counterclockwise arc 
from a to 61, and let 72 C 72 be the clockwise arc from a to 62- Let T be the 
first time such that P(t) G /, and set 5" := [J^^j. Kt. Then the component cti 
of dS n D joining 7^ to J is a crossing in B from 7^ to /, which is "maximal" , 
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in the sense that any other crossing a G B from 7^ to / is separated by ai 
from 62 in Z). 

Let L be large, and recall the definition of the rectangle TZ = TZ{L) with 
corners given by Let p G N+, and a = (ai, . . . , cxp) G {black, white}^. 

Consider the event Ca(jV) that there are paths ai, . . . , ap, from [A4, Ai] to 
[y42, ^3] in TZ such that each aj is contained in the union of the hexagons of 
color (Tj, there is no hexagon which intersects more than one of these paths, 
and Oj+i separates aj from [Ai, A2] in TZ when j = 1,2, . . . ,p — 1. 

Take ai to be the topmost crossing with color cti, if such exists, let 02 be 
the topmost crossing with color (T2 which is below all the hexagons meeting 
«!, etc. Then C„(Ji) holds iff these specific cti, . . . , exist. Note that after 
we condition on ai, the hexagons "below" it are still independent and are 
black or white with probability 1/2. Hence the following formula holds: 



P[a(7^)] = P[ai exists] E P[a+,(7^aJ I ai] 



«! exists 



where cr+i = (cr2, (T3, . . . , a^) , IZa^ is the union of the hexagons below ai, and 
Ca+iiJ^ai) is the event that there are multiple crossings with colors specified 
by cr+i from [v44,y4i] to [A2, A3] in TZa^. 

It is clear that P[Cct(7^)] does not depend on the choice of the sequence 
(J, but only its length. Moreover, the conjectured conformal invariance (or 
the conjecture that SLEq is the scaling limit) implies that lim^^o P[C*(t(Z^)], 
depends on the quadrilateral T> only through its conformal modulus. Hence 
define 

fp{L) := limP[a(7^(L))l , a G {black, whitef . 
5^0 L J 

We also set /p(oo) := and fo{L) := 1l<oo- 

Let S be the SLEq hull from to I := [Ai, A2] U [A2, A3] in 7^ = 7^(L), 



as defined in Subsection p7l\ Let TZ- be the component of TZ \ S which has 
Ai on its boundary, and let £ denote the 7r-extremal length from [A4, Ai] to 
[A2, As] in 7^_. Note that C = 00 US n [Ai, A2] ^ 0. Then we have 

= E[/,_i(£)], p=l,2,.... 

To completely justify this step requires more work, which we omit, since this 
whole discussion depends on a conjecture anyway. The slight difficulty has 
to do with the fact that having a crossing of a closed rectangle is a closed 
condition, and the probability of a closed event can go up when taking a 
weak limit of measures. One simple way to deal with this is to note that 
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when the continuous process has a crossing in the rectangle TZ{L + e), every 
sufficiently close discrete approximation of it has a crossing of the rectangle 

7^(L). 

Consequently, induction and Theorem |3.1| give 

/p(L)=exp(-(L + 0(l)K), L^oo, (5.1) 

where 

., = „-(0) = ?^. (5,2) 

as before. Here, the constant implicit in the 0(1) notation may depend on 
p. 

Note also that if 

a = (white, black, white , black, . . . , white) E {black, white}^'^"^ , 

then (in the discrete setting), the event Ca{TZ) is identical to the event that 
the rectangle TZ is crossed from left to right by k disjoint white clusters. 
The exponents (|5.2|) are those predicted in p|, 0. 
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